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The analysis of wet fins was carried out by many investigators with the variation of a linear relationship
between specific humidity and the corresponding saturation temperature of air adjacent to the fin sur-
face. For determination of the fin surface temperature under this scheme, fin-tip temperature is essen-
tially known a priori which can be employed to calculate the psychrometric parameters associated
with the dehumidification process. On the other hand, the tip temperature is only known after the salving
the governing equation and it is also a function of the psychrometric properties of air. Thus for the sim-
plicity, dew point temperature is considered as the tip temperature for calculating only the psychromet-
ric parameters of fully wet fins in a recent publication. Nevertheless, in the actual situation this dew point
temperature never satisfies at the tip and therefore psychrometric parameters calculated with the
assumption of the dew point temperature at the tip may be incorrect. In the present work, an iterative
scheme is demonstrated for determination of the actual tip temperature and local fin surface tempera-
ture. With considering this aspect, thermal analysis of a new geometric fin, namely, annular step fin
(ASF) is proposed for the more effective utilization of fin material in comparison with the annular disc
fin. An optimization study has also been made by using the modified thermal analysis of fully wet fins
and the analysis of partially wet fins, separately. A remarkable change in results has been noticed when
they are compared with that of the published result. Finally, it is worthy to mention that the maximum
heat transfer rate per unit volume for an ASF is always higher than that of the annular disc fin for the
identical design condition.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Fin-and-tube heat exchangers are commonly employed to in-
crease the air side heat transfer rate by decrease in thermal resis-
tance. They have wide applications in the field of thermal
engineering, especially, in refrigeration and air conditioning equip-
ments in which the physical phenomena such as air cooling and
dehumidification are involved, simultaneously. Condensation of
humid air on the heat transfer surface takes place when the surface
temperature is maintained below the dew point temperature of the
surrounding air. The presence of water condensate on the fin sur-
face makes a complicated analysis. The effectiveness of heat
exchangers is primarily dependent upon the efficiency of the sec-
ondary surface. If the temperature of entire fin surface is higher
than the dew point of the surrounding air, there is only sensible
heat transferred from the air to the fin so that the fin surface is
fully dry. If the temperature of entire fin surface is below the
dew point, and both the sensible and latent heat is produced as a
result the fin surface becomes fully wet. The fin surface is partially
ll rights reserved.
wet if the fin-base temperature is lower than the dew point while
the fin-tip temperature is higher than that of the surrounding air.

In most of the applications, the tube geometry of fin-and-tube
heat exchangers is circular. In general for the circular tube, circum-
ferential fins are used. It is well known that the annular fin is the
better option for transferring heat from the circular primary sur-
face for a constant base temperature. However, the various fin pro-
files such as constant thickness, louver, convex louver, wavy, etc.
are found in the literature of the fin-and-tube heat exchanger’s de-
sign. Depending upon the applications and design criteria, different
shapes of the tube and fins theoretically exist but among of these
fin geometries, constant thickness fin is the most popular fin pat-
tern in heat exchanger applications, probably, owing to its simplic-
ity, rigidity and economical impact. The main geometrical
components of different types of heat exchangers are made of a cir-
cular pipe circumscribing circular fins or continuous plate fins are
pierced by the circular pipes.

An intensive research work has already been engaged to deter-
mine the fin performance under the simultaneous heat and mass
transfer environment. Threlkeld [1] analyzed the effect of conden-
sation on the performance of rectangular fins with the assumption
of a uniform condensate film covered on the fin surface. The overall
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Nomenclature

ASF annular step fin
A, B constants evaluated from the fin-base and fin-tip condi-

tions, see Eq. (3b)
Bi Biot number based on semi-base thickness, ht0/k
Cp specific heat of surrounding air (J kg�1 K�1)
d0s dimensionless variables defined in Eq. (13)
D1, D2 determinants expressed in Eqs. (24) and (25), respec-

tively
e0s dimensionless variables defined in Eq. (14)
f function defined in Eq. (27)
f0s dimensionless variables defined in Eq. (15)
g function defined in Eq. (28)
g0s dimensionless variables used in Eq. (16)
h convective heat transfer coefficient (W m�2 K�1)
h0s dimensionless variables used in Eq. (17)
hfg latent heat of condensation of moisture (J kg�1)
hm mass transfer coefficient (kg m�2 S�1)
In (Z) modified Bessel function of first kind of order n and

argument Z
J Jacobian matrix defined Eq. (30)
k thermal conductivity of the fin material (W m�1 K�1)
Kn (Z) modified Bessel function of second kind of order n and

argument Z
Le Lewis number
m, n defined in Eq. (27)
P pressure (bar)
q actual heat transfer rate through the fin (W)
Q dimensionless actual heat transfer rate, q/[4pkri

(Ta � Tb)]
qi ideal heat transfer rate through the fin (W)
Qi dimensionless ideal heat transfer rate, qi/[4pkri(Ta � Tb)]
r radial distance measured from the tube centre (m)
R dimensionless radial distance, r/ri

ri outer radius of the tube (m)
rs radial distance at which step change occurs, see Fig. 1

(m)
Rs dimensionless radial distance, rs/ri

r0 outer radius of an annular fin, see Fig. 1 (m)
R0 dimensionless radius, r0/ri

RH relative humidity
t0 semi-base thickness, see Fig. 1 (m)
t1 semi-tip thickness, see Fig. 1 (m)
T temperature (�C)
Ts fin surface temperature at the section where step

change occurs (�C)
U dimensionless fin volume, defined in Eq. (23)
V fin volume (m3)
Z0 fin parameter,

ffiffiffiffiffiffiffiffiffiffi
Bi=w

p
Z1, Z2, Z3 dimensionless fin parameters defined in Eq. (5)
Z4, Z5, Z6 dimensionless parameters defined Eq. (9)

Greek symbols
g fin efficiency
D1, D2 variables defined in Eq. (32)
C1, C2 variables, see Eq. (33)
X1, X2 variables, see Eqs. (34) and (35)
h dimensionless temperature, (Ta � T)/(Ta � Tb)
hp dimensionless temperature parameter, (xa � A � BTa)/

[(Ta � Tb)1 + Bn)]
hs dimensionless temperature at a radial distant r = rs

w aspect ratio, t0/ri

u dimensionless temperature parameter, h + hp

u0 dimensionless temperature parameter, 1 + hp

us dimensionless temperature parameter at the junction of
the step fin hs + hp

s thickness ratio, t1/t0

x specific humidity of the surrounding air, kg water
vapor/kg dry air

n dimensionless latent heat transfer parameter, hfg/CpLe2/3

Subscripts
a ambient
b base
d dew point
j jth iteration
opt optimum
t tip
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fin efficiency has been determined analytically by using the enthal-
py difference as the driving force for the combined heat and mass
transfer process. He assumed a linear relationship between the air
temperature and the corresponding saturated air enthalpy. His
model showed that the wet fin efficiency was slightly affected by
the air relative humidity. ARI Standard 410-72 [2] used an ap-
proach similar to Thelkeld [1], but neglecting the presence of the
water film on the surface. McQuiston [3] obtained analytical
expressions for the one-dimensional fin efficiency of a rectangular
fin, where the calculation of wet fin efficiency is calculated based
on a modified dry fin formula. It was shown that the wet fin effi-
ciency is lower than that of a dry fin. The effect of variations of film
thickness and local mass transfer has been considered by Coney
et al. [4,5] to determine the fully wet fin efficiency of one-dimen-
sional rectangular fin numerically. Their result showed that there
is negligible effect of condensate thermal resistance on the fin tem-
perature distribution. Kilic and Onet [6] presented a quasilineariza-
tion solution for rectangular fins oriented vertically under a
convecting condition when condensation occurs. Their solution
was given by assuming that the average heat transfer coefficient
is constant along the length of the fin. A summary of the previous
studies on condensation over rectangular fins was presented by
Srinivasan and Shah [7]. Wu and Bong [8] demonstrated the anal-
ysis of partially wet surface of plane rectangular fins. They men-
tioned that when a fin becomes partially wet the overall
efficiency is significantly dependent upon the air relative humidity.
Kazeminajad [9] studied a rectangular fin assembly under fully wet
condition. To obtain a numerical solution, he used a concept of the
sensible to total heat ratio for the psychrometric calculation.

By taking into consideration of the temperature distribution
over the fin surface, Elmahdy and Biggs [10] determined the overall
fin efficiency of circular wet fins. Their works had been treated sep-
arately as heat transfer and mass transfer mechanisms with con-
sideration of respective driving forces. For the analysis of wet
fins, they assumed a linear relationship between humidity ratio
of the saturated air on the fin surface and the corresponding tem-
perature. The numerical results were indicated that the fin effi-
ciency strongly depends on the relative humidity. Hong and
Webb [11] derived an analytical formulation for the fin efficiency
of fully wet surfaces for circular fins. For the exact solution of the
governing differential equation, they adopted a linear relationship
between the humidity ratio and dry bulb temperature. Rosario and
Rahman [12] established a one-dimensional radial fin assembly
model with condensation. They indicated that the heat transfer
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rate enhances with the increment in dry bulb temperature and rel-
ative humidity of the air. Naphon [13] presented a theoretical re-
sult of the fin efficiency of the annular fin assembly. Sharqawy
and Zubair [14] studied analytically the efficiency and optimiza-
tion of an annular fin with combined heat and mass transfer. They
introduced to a new modified fin parameter can be calculated
without knowing the actual fin-tip condition. Recently, the analy-
sis of annular fins of constant cross-sectional area with the
combined heat and mass transfer mechanisms has been demon-
strated by Sharqawy and Zubair [15] numerically.

Wang et al. [16] reported through a systematic study for deter-
mining the performance of continuous fin-and-tube heat exchang-
ers under dehumidifying conditions with the variation of design
parameters such as inlet conditions, fin spacing and number of
tube rows on the heat transfer characteristics. They estimated
the fin efficiency by equivalent circular area and sectors methods
[17]. A tube-by-tube reduction method for simultaneous heat
and mass transfer characteristics for plain fin-and-tube heat
exchangers in dehumidifying conditions was proposed by Wang
[18]. A different method, namely the finite circular method, was
used by Pirompugd et al. [19] to analyze the performance of fin-
and-tube heat exchangers having plain fin configuration under
fully and partially wet surface conditions. Jang and Lin [20] pre-
sented a two-dimensional analysis for the efficiency of continuous
plate fin-tube heat exchangers in staggered and inline arrange-
ments under the dry, partially wet and fully wet conditions for dif-
ferent heat transfer coefficient and air relative humidity. The
performance of plain and plate-finned circular tube evaporatively
cooled heat exchangers was investigated by Hasan and Siren [21]
under similar operating conditions of air flow rates and inlet hot
temperatures. Alternatively, elliptic cylinder is a typical geometry
used in heat exchangers which could take the shape of a flat plate
or circular cylinder depending upon the minor and major axis ratio.
There may be an advantage when using elliptic tubes as the pump-
ing power needed to flow fluids around the tube is reduced. On the
other hand, the elliptic tubes are generally restricted to the low
pressure application in the tube side. Lin and Jang [22] presented
a two-dimensional analysis for the efficiency of an elliptic fin
around of an elliptic tube under the dry, partially wet and fully
wet conditions. The effect of dehumidification of air on the perfor-
mance of eccentric circular fins was carried out numerically by
Kazeminajad et al. [23].

It is well known fact that the heat conduction rate from the fin-
base to fin-tip gradually decreases for the continuous interaction of
energy exchange from the fin surface to the surrounding. Because
of that, for the betterment of fin design, fin profile should have a
tapered shape. Thus many researchers have already engaged to
carryout the analysis of wet fins of taper profiles. Toner et al.
[24] determined the fin temperature and the fin effectiveness of
the triangular fin with condensation using quasilinearlization tech-
niques and Gauss Seidel iterative method. Kundu [25] studied ana-
lytically the effect of dehumidification of air on the performance
and optimization of straight taper fins. An analytical method based
on the Frobenius power series expansion has been developed by
Kundu and Das [26] for prediction of the performance of fully
wet fins of different geometries, namely, longitudinal, annular
and spine having both the trapezoidal and triangular profiles. They
also discussed a method for constructing design curves for the
optimum fins. In a recent publication, Kundu [27] has determined
the optimum profile of three common types of fins under dehu-
midifying conditions using calculus of variation.

Although taper fins transfer more rate of heat per unit volume,
they are not found in every practical application because of the dif-
ficulty in manufacturing and fabrications. On the other hand, con-
stant thickness concentric-annular fins for the circular primary
surface are still the common preference. Therefore, there is a scope
to modify the geometry of a constant thickness fin in view of the
less difficulty in manufacturing and fabrication as well as better-
ment of heat transfer rate per unit volume of the fin material.
For the better utilization of fin material of concentric-annular disc
fins, Kundu and Das [28] modified a fin-geometry, namely, annular
disc fin with a step change in local thickness. They demonstrated
that the heat transfer rate is increased up to 30% by using the mod-
ified fin-geometry instead of an annular disc fin for a constant fin
volume. However, their analysis was limited for the condition of
dry surface fins only. In refrigeration and air conditioning applica-
tions, fin surface temperature is normally less than the dew point
of the surrounding humid air as a result simultaneous heat and
mass transfer occur due to condensation of moisture on the fin
surface. The amount of condensation of moisture is mainly depen-
dent upon the humidity ratio of air between the surrounding and
that on the fin surface and thus the analysis of wet fin surface dif-
fers from that of the dry surface. No research activity has so far
been reported in the literature to analyze the performance of step
annular disc fins subjected to combined heat and mass transfer
conditions.

In the present work, an analytical method is described for
temperature and heat transfer characteristics of an ASF with the
simultaneous heat and mass transfer mechanisms. Depending
upon the psychrometric properties of surrounding air and the
fin surface temperature, a fin surface may be fully or partially
wet. The present study analyzes an annular fin under fully and
partially wet surface conditions. For the calculation of latent heat
transfer, specific humidity of saturated air on the fin surface is ta-
ken a linear function with the corresponding fin surface temper-
ature. The effects of ambient temperature, ambient pressure, fin-
base temperature, relative humidity and thermo-geometric
parameters on the fin performances are studied systematically.
A methodology has been described for the optimization of cir-
cumferential wet fins. To establish the merit of the present anal-
ysis of fin performance and optimization, results obtained from
both the present and published models have been compared. Un-
like previous study, a new procedure for the optimization of fully
wet circumferential fins has been addressed. Finally from the
optimization study, it can be demonstrated that an ASF is the bet-
ter choice for transferring rate of heat in comparison with the
concentric-annular disc fin for the same fin volume and identical
surface conditions.

2. Formulations of the mathematical model

2.1. Performance analysis

The schematic diagram of an ASF with the geometrical details is
shown in Fig. 1. This figure depicts a concentric ASF of the base
thickness 2t0, tip thickness 2t1(t0 P t1) and a circular tube of outer
radius ri. The description of other geometric dimensions of ASFs are
a step change of radius rs and an outer radius r0. Depending upon
the surface temperature of a fin and the dew point temperature
of the surrounding air, either sensible or both sensible and latent
heat transfer takes place on the fin surface. Therefore, on the basis
of heat transfer mechanism, the fin surface can be treated as dry,
fully wet or partially wet. To derive the mathematical formulations
of the present theoretical model, the thermal conductivity of the
fin material and the coefficient of convective heat transfer are as-
sumed to be constant. In this section, it can be mentioned that
the dehumidification takes place only on the fin surface when
the fin temperature is below the dew point temperature of the sur-
rounding air. The possible wet length of an ASF for a partially wet
condition is shown in Fig. 2. For the analysis of fully as well as
partially wet surface fins, separate energy equations with respect
to their surfaces are necessary. Selecting a cylindrical polar



Fig. 1. Schematic diagram of an AFST.
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coordinate at the centre of the tube, one-dimensional energy equa-
tion for an ASF in wet conditions can be written under steady state
as follows:

Fully wet

dðrdT=drÞ=dr � hrfT � Ta þ hmðx�xaÞhfg=hg=ðkt0Þ
dðrdT=drÞ=dr � hrfT � Ta þ hmðx�xaÞhfg=hg=ðkt1Þ

" #

¼
0

0

" #
for ðri 6 r 6 rsÞ
for ðrs 6 r 6 r0Þ

ð1aÞ

Partially wet (ri < rd 6 rs)

dðrdT=drÞ=dr � hrfT � Ta þ hmðx�xaÞhfg=hg=ðkt0Þ
dðrdT=drÞ=dr � hrðT � TaÞ=ðkt0Þ
dðrdT=drÞ=dr � hrðT � TaÞ=ðkt1Þ

2
64

3
75

¼
0

0

0

2
64

3
75

for ðri 6 r 6 rdÞ
for ðrd 6 r 6 rsÞ
for ðrs 6 r 6 r0Þ

ð1bÞ
Fig. 2. Radial distance of wet length Rd for the partiall
Partially wet (rs < rd < r0)

dðrdT=drÞ=dr � hrfT � Ta þ hmðx�xaÞhfg=hg=ðkt0Þ
dðrdT=drÞ=dr � hrfT � Ta þ hmðx�xaÞhfg=hg=ðkt1Þ

dðrdT=drÞ=dr � hrðT � TaÞ=ðkt1Þ

2
4

3
5

¼
0
0
0

2
4

3
5 for ðri 6 r 6 rsÞ

for ðrs 6 r 6 rdÞ
for ðrd 6 r 6 r0Þ

ð1cÞ

The heat and mass transfer coefficients can be related by the Chil-
ton–Colburn analogy [29]:

h=hm ¼ cpLe2=3 ð2Þ

Equation (1) cannot be solved because of the two dependent vari-
ables T and x. Due to formation of small thickness of condensate
on the fin surface, the condensate resistance is negligibly small as
a result there is no temperature gradient in the transverse direction
of the condensate. Thus, the local condensate temperature is equal
to the corresponding fin surface temperature. The condensate is
surrounded by a saturated humid air with the same condensate
temperature. Therefore, T and x can be related with the psychro-
metric relations. In order to obtain an analytical solution, many
investigators [3,8,14,25–27,30] have assumed the above relation-
ship to be a linear one and they have also justified for the assump-
tion of the linear relationship. In the present work, a linear model is
used to calculate the mass driving force.

x ¼ Aþ BT ð3aÞ

A and B in Eq. (3) are constants determined by Wu and Bong [8]
from the condition of fin-base and fin-tip.

A
B

� �
¼
fðTt � TbÞxt � ðxt �xbÞTtg=ðTt � TbÞ

ðxt �xbÞ=ðTt � TbÞ

� �
ð3bÞ

From Eq. (3), it is clear that A and B are dependent upon the tip
and base temperature. For the analysis of individual fins, base
temperature is a known design constant. The temperature distri-
bution in the fin is determined by solving the energy equation
using the base temperature along with the tip boundary condition.
Thus the closed form expressions of A and B are not possible be-
cause these are as a function of unknown tip temperature to be
determined from the solution of the governing equation. To avoid
y wet surface fin: (a) rs 6 rd < r0 and (b) ri < rd 6 rs.
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the above complexity, Sharqawy and Zubair [14] have suggested a
scheme for calculation of psychrometric properties at the tip with
the help of the dew point temperature instead of the tip temper-
ature. The dew point temperature is a design known parameter
which can be determined directly from the psychrometric proper-
ties of surrounding air. In this regard, it is worthy to mention that
in actual situation, the tip temperature for the fully wet fin may
not be equal to the dew point temperature. Thus for the calcula-
tion of A and B with consideration of the dew point temperature
at the tip, it is not an appropriate procedure. In the present paper
A and B as well as tip temperature for a fully wet fin are deter-
mined through iteration. Initially tip temperature is assumed to
be a dew point temperature and then A and B are calculated. With
these known variables, tip temperature is estimated by solving
governing differential equation. If the difference between initial
and calculated tip temperatures differs and then A and B are deter-
mined with the present calculated tip temperature and the proce-
dure can be repeated until the present and previous values are the
same or difference of these is very small (10�6).

Substituting Eqs. (2) and (3) in Eq. (1), the following expressions
can be written in normalized form as

Fully wet

dðRd/=dRÞ=dR� Z2
1R/

dðRd/=dRÞ=dR� Z2
2R/

" #
¼

0
0

� �
for ð1 6 R 6 RsÞ
for ðRs 6 R 6 R0Þ

ð4aÞ

Partially wet (1 < Rd 6 Rs)

dðRd/=dRÞ=dR� Z2
1R/

dðRdh=dRÞ=dR� Z2
0Rh

dðRdh=dRÞ=dR� Z2
3Rh

2
64

3
75 ¼

0
0
0

2
64

3
75

for ð1 6 R 6 RdÞ
for ðRd 6 R 6 RsÞ
for ðRs 6 R 6 R0Þ

ð4bÞ

Partially wet (Rs < Rd < R0)

dðRd/=dRÞ=dR� Z2
1R/

dðRd/=dRÞ=dR� Z2
2R/

dðRdh=dRÞ=dR� Z2
3Rh

2
64

3
75 ¼

0
0
0

2
64

3
75

for ð1 6 R 6 RsÞ
for ðRs 6 R 6 RdÞ
for ðRd 6 R 6 R0Þ

ð4cÞ

where

R ¼ r=ri; Rs ¼ rs=ri; Rd ¼ rd=ri; R0 ¼ r0=ri; Bi ¼ hri=k;

w ¼ t0=ri; s ¼ t1=t0;

h ¼ ðTa � TÞ=ðTa � TbÞ; Z0 ¼
ffiffiffiffiffiffiffiffiffiffi
Bi=w

q
; Z1 ¼ Z0ð1þ BnÞ1=2

;

Z2 ¼ Z3ð1þ BnÞ1=2
; Z3 ¼ Z0=

ffiffiffi
s
p

;

hp ¼ ðxa � A� BTaÞ=fðTa � TbÞð1þ BnÞg and / ¼ hþ hp

ð5Þ
/ ¼ /0½I0ðZ1RÞK0ðZ1RsÞ � I0ðZ1RsÞK0ðZ1RÞ� þ /s½I0ðZ1ÞK0ðZ1RÞ � I0ðZ1RÞK
I0ðZ1ÞK0ðZ1RsÞ � I0ðZ1RsÞK0ðZ1Þ

/
/s
¼ Z5½I0ðZ2RÞK0ðZ2R0Þ � I0ðZ2R0ÞK0ðZ2RÞ� � Z2½I0ðZ2RÞK1ðZ2R0Þ þ I1ð

Z5½I0ðZ2RsÞK0ðZ2R0Þ � I0ðZ2R0ÞK0ðZ2RsÞ� � Z2½I0ðZ2RsÞK1ðZ2R0Þ þ I1ð

Partially wet surface (1 < Rd 6 Rs)

/ ¼ /0½I0ðZ1RÞK0ðZ1RdÞ � I0ðZ1RdÞK0ðZ1RÞ� þ /d½I0ðZ1ÞK0ðZ1RÞ � I0ðZ1RÞK
I0ðZ1ÞK0ðZ1RdÞ � I0ðZ1RdÞK0ðZ1Þ

h ¼ hd½I0ðZ0RÞK0ðZ0RsÞ � I0ðZ0RsÞK0ðZ0RÞ� þ hs½I0ðZ0RdÞK0ðZ0RÞ � I0ðZ0RÞ
I0ðZ0RdÞK0ðZ0RsÞ � I0ðZ0RsÞK0ðZ0RdÞ

h
hs
¼ Bi½I0ðZ3RÞK0ðZ3R0Þ � I0ðZ3R0ÞK0ðZ3RÞ� � Z3½I0ðZ3RÞK1ðZ3R0Þ þ I1ðZ

Bi½I0ðZ3RsÞK0ðZ3R0Þ � I0ðZ3R0ÞK0ðZ3RsÞ� � Z3½I0ðZ3RsÞK1ðZ3R0Þ þ I1ðZ

Partially wet surface (Rs < Rd < R0)
Equation (4) can be solved by using appropriate boundary condi-
tions. For the solution of fully wet surface, four boundary condi-
tions, namely, a constant fin-base temperature, an energy balance
and continuity of temperature at the section where a step change
in thickness occurs, and the energy interaction through the tip
with the surrounding are considered. In the case of partially
wet fins, an additional condition at the section at which the
wet part separates from the dry part is required. Thus to solve
Eq. (4), the boundary conditions are taken mathematically as
follows:

Boundary conditions for the fully wet

at R ¼ 1;/ ¼ /0 ð6aÞ

at R ¼ Rs;
/ ¼ /s

ðd/=dRÞRs�d ¼ sðd/=dRÞRsþd � Z4/s

(
ð6bÞ

at R ¼ R0; d/=dR ¼ �Z5/ ð6cÞ

Boundary conditions for the partially wet fin (1 < Rd 6 Rs)

at R ¼ 1; / ¼ /0 ð7aÞ

at R ¼ Rd;
/ ¼ /d

ðd/=dRÞRd�d ¼ ðdh=dRÞRdþd

(
ð7bÞ

at R ¼ Rs;
h ¼ hs

ðdh=dRÞRs�d ¼ sðdh=dRÞRsþd � Z6hs

(
ð7cÞ

at R ¼ R0; dh=dR ¼ �Bih ð7dÞ

Boundary conditions for the partially wet fin (Rs < Rd 6 R0)

at R ¼ 1; / ¼ /0 ð8aÞ

at R ¼ Rs;
/ ¼ /s

ðd/=dRÞRs�d ¼ sðd/=dRÞRsþd � Z4/s

(
ð8bÞ

at R ¼ Rd;
/ ¼ /d

ðd/=dRÞRd�d ¼ ðdh=dRÞRdþd

(
ð8cÞ

at R ¼ R0; dh=dR ¼ �Bih ð8dÞ

where

Z4 ¼ Bið1� sÞð1þ BnÞ; Z5 ¼ Bið1þ BnÞ; Z6 ¼ Bið1� sÞ;
/0 ¼ 1þ hp and d! 0 ð9Þ

The temperature distribution in a fin for both the fully and partially
wet surface is determined by solving Eq. (4) along with the bound-
ary conditions (Eqs. (6)–(8)) and it can be expressed for different
surfaces as follows:
0ðZ1Þ� for ð1 6 R 6 RsÞ ð10aÞ

Z2R0ÞK0ðZ2RÞ�
Z2R0ÞK0ðZ2RsÞ�

for ðRs 6 R 6 R0Þ ð10bÞ

0ðZ1Þ� for ð1 6 R 6 RdÞ ð11aÞ

K0ðZ0RdÞ� for ðRd 6 R 6 RsÞ ð11bÞ

3R0ÞK0ðZ3RÞ�
3R0ÞK0ðZ3RsÞ�

for ðRs 6 R 6 R0Þ ð11cÞ



/ ¼ /0½I0ðZ1RÞK0ðZ1RsÞ � I0ðZ1RsÞK0ðZ1RÞ� þ /s½I0ðZ1ÞK0ðZ1RÞ � I0ðZ1RÞK0ðZ1Þ�
I0ðZ1ÞK0ðZ1RsÞ � I0ðZ1RsÞK0ðZ1Þ

for ð1 6 R 6 RsÞ ð12aÞ

/ ¼ /s½I0ðZ2RÞK0ðZ2RdÞ � I0ðZ2RdÞK0ðZ2RÞ� þ /d½I0ðZ2RsÞK0ðZ2RÞ � I0ðZ2RÞK0ðZ2RsÞ�
I0ðZ2RsÞK0ðZ2RdÞ � I0ðZ2RdÞK0ðZ2RsÞ

for ðRs 6 R 6 RdÞ ð12bÞ

h
hd
¼ Bi½I0ðZ3RÞK0ðZ3R0Þ � I0ðZ3R0ÞK0ðZ3RÞ� � Z3½I0ðZ3RÞK1ðZ3R0Þ þ I1ðZ3R0ÞK0ðZ3RÞ�

Bi½I0ðZ3RdÞK0ðZ3R0Þ � I0ðZ3R0ÞK0ðZ3RdÞ� � Z3½I0ðZ3RdÞK1ðZ3R0Þ þ I1ðZ3R0ÞK0ðZ3RdÞ�
for ðRd 6 R 6 R0Þ ð12cÞ
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Fully wet surface
Eqs. (10)–(12) indicate the temperature distributions in an ASF un-
der the fully wet and partially wet surface conditions. However, in
order to determine the temperature in the fin, it may be noted that
the unknown temperature hs is required and this unknown can be
calculated by satisfying an energy balance at the section where fin
thickness varies.

Fully wet surface

/s ¼/0d1Z1ðd2Z5 � d3Z2Þ=½sd4Z2ðd5Z5 � d6Z2Þ
þ ðd2Z5 � d3Z2Þðd7Z1 � d4Z4Þ� ð13aÞ

where

d1 ¼ I1ðZ1RsÞK0ðZ1RsÞ þ I0ðZ1RsÞK1ðZ1RsÞ ð13bÞ
d2 ¼ I0ðZ2RsÞK0ðZ2R0Þ � I0ðZ2R0ÞK0ðZ2RsÞ ð13cÞ
d3 ¼ I0ðZ2RsÞK1ðZ2R0Þ þ I1ðZ2R0ÞK0ðZ2RsÞ ð13dÞ
d4 ¼ I0ðZ1ÞK0ðZ1RsÞ � I0ðZ1RsÞK0ðZ1Þ ð13eÞ
d5 ¼ I1ðZ2RsÞK0ðZ2R0Þ þ I0ðZ2R0ÞK1ðZ2RsÞ ð13fÞ
d6 ¼ I1ðZ2RsÞK1ðZ2R0Þ � I1ðZ2R0ÞK1ðZ2RsÞ ð13gÞ

and

d7 ¼ I0ðZ1ÞK1ðZ1RsÞ þ I1ðZ1RsÞK0ðZ1Þ ð13hÞ

Partially wet surface (1 < Rd 6 Rs)

/s ¼ hdZ0e1=½Z0e5 � Z6e3 � sZ3e3ðZ3e4 � Bie6Þ=ðBie7 � Z3e2Þ�
ð14aÞ

where

e1 ¼ I1ðZ0RsÞK0ðZ0RsÞ þ I0ðZ0RsÞK1ðZ0RsÞ ð14bÞ
e2 ¼ I0ðZ3RsÞK1ðZ3R0Þ þ I1ðZ3R0ÞK0ðZ3RsÞ ð14cÞ
e3 ¼ I0ðZ0RdÞK0ðZ0RsÞ � I0ðZ0RsÞK0ðZ0RdÞ ð14dÞ
e4 ¼ I1ðZ3RsÞK1ðZ3R0Þ � I1ðZ3R0ÞK1ðZ3RsÞ ð14eÞ

e5 ¼ I0ðZ0RdÞK1ðZ0RsÞ þ I1ðZ0RsÞK0ðZ0RdÞ ð14fÞ

e6 ¼ I1ðZ3RsÞK0ðZ3R0Þ þ I0ðZ3R0ÞK1ðZ3RsÞ ð14gÞ

and

e7 ¼ I0ðZ3RsÞK0ðZ3R0Þ þ I0ðZ3R0ÞK0ðZ3RsÞ ð14hÞ

Partially wet surface (Rs < Rd < R0)

/s ¼ ð/0f1f2Z1 þ s/df3f4Z2Þ=ðf2f5Z1 þ sf3f6Z2 � f2f3Z4Þ ð15aÞ

where

f1 ¼ I1ðZ1RsÞK0ðZ1RsÞ þ I0ðZ1RsÞK1ðZ1RsÞ ð15bÞ
f2 ¼ I0ðZ2RsÞK0ðZ2RdÞ � I0ðZ2RdÞK0ðZ2RsÞ ð15cÞ
f3 ¼ I0ðZ1ÞK0ðZ1RsÞ � I0ðZ1RsÞK0ðZ1Þ ð15dÞ
f4 ¼ I0ðZ2RsÞK1ðZ2RsÞ þ I1ðZ2RsÞK0ðZ2RsÞ ð15eÞ
f5 ¼ I0ðZ1ÞK1ðZ1RsÞ þ I1ðZ1RsÞK0ðZ1Þ ð15fÞ

and

f6 ¼ I1ðZ2RsÞK0ðZ2RdÞ þ I0ðZ2RdÞK1ðZ2RsÞ ð15gÞ
In the case of partially wet fin, temperature in a fin at the sec-
tion where thickness changes is also dependent upon the wet
length Rd. Therefore for knowing the temperature distribution,
the calculation of radial length Rd is essential. It can be computed
by applying the continuity of heat conduction rate at the section
where dry and wet parts coexist.

Partially wet surface (1 < Rd 6 Rs)

GðRdÞ ¼ ½Z1g1ð/0g2 � /dg3Þ � g4Z0ðhdg5 � hsg6Þ�=ðg1g4Þ ¼ 0 ð16aÞ

where

g1 ¼ I0ðZ0RdÞK0ðZ0RsÞ � I0ðZ0RsÞK0ðZ0RdÞ ð16bÞ
g2 ¼ I1ðZ1RdÞK0ðZ1RdÞ þ I0ðZ1RdÞK1ðZ1RdÞ ð16cÞ
g3 ¼ I0ðZ1ÞK1ðZ1RdÞ þ I1ðZ1RdÞK0ðZ1Þ ð16dÞ
g4 ¼ I0ðZ1ÞK0ðZ1RdÞ � I0ðZ1RdÞK0ðZ1Þ ð16eÞ
g5 ¼ I1ðZ0RdÞK0ðZ0RsÞ þ I0ðZ0RsÞK1ðZ0RdÞ ð16fÞ
and

g6 ¼ I0ðZ0RdÞK1ðZ0RdÞ þ I1ðZ0RdÞK0ðZ0RdÞ ð16gÞ

Partially wet surface (Rs < Rd < R0)

GðRdÞ ¼ Z2ð/sh1�/dh2Þ=h3� hdZ3ðBi h4� Z3h5Þ=ðBi h6�Z3h7Þ ¼ 0

ð17aÞ

where

h1 ¼ I1ðZ2RdÞK0ðZ2RdÞ þ I0ðZ2RdÞK1ðZ2RdÞ ð17bÞ
h2 ¼ I0ðZ2RsÞK1ðZ2RdÞ þ I1ðZ2RdÞK0ðZ2RsÞ ð17cÞ
h3 ¼ I0ðZ2RsÞK0ðZ2RdÞ � I0ðZ2RdÞK0ðZ2RsÞ ð17dÞ
h4 ¼ I1ðZ3RdÞK0ðZ3R0Þ þ I0ðZ3R0ÞK1ðZ3RdÞ ð17eÞ
h5 ¼ I1ðZ3RdÞK1ðZ3R0Þ � I1ðZ2R0ÞK1ðZ3RdÞ ð17fÞ
h6 ¼ I0ðZ3RdÞK0ðZ3R0Þ � I0ðZ3R0ÞK0ðZ3RdÞ ð17gÞ

and

h7 ¼ I0ðZ3RdÞK1ðZ3R0Þ þ I1ðZ3R0ÞK0ðZ3RdÞ ð17hÞ

From Eqs. (16) and (17), it is obvious that the linear distance Rd is a
function of thermo-geometric and psychrometric parameters. For a
given design condition, Rd can be calculated by solving Eqs. (16) and
(17) using Newton–Raphson iterative method [31]. For the numer-
ical iterations, final values of Rd are obtained after satisfying a con-
vergence criterion (10�6).

After obtaining temperature distribution in a fin, actual heat
transfer rate through the fin has been estimated by applying the
Fourier’s law of heat conduction at the fin-base. The actual heat
transfer rate can be expressed in dimensionless form as

Fully wet surface

Q ¼/s½I0ðZ1ÞK1ðZ1Þþ I1ðZ1ÞK0ðZ1Þ��/0½I1ðZ1ÞK0ðZ1RsÞþ I0ðZ1RsÞK1ðZ1Þ�
½I0ðZ1ÞK0ðZ1RsÞ� I0ðZ1RsÞK0ðZ1Þ�ðwZ1Þ�1

ð18aÞ

Partially wet surface (1 < Rd 6 Rs)

Q ¼/d½I0ðZ1ÞK1ðZ1Þþ I1ðZ1ÞK0ðZ1Þ�/0½I1ðZ1ÞK0ðZ1RdÞþ I0ðZ1RdÞK1ðZ1Þ�
½I0ðZ1ÞK0ðZ1RdÞ� I0ðZ1RdÞK0ðZ1Þ�ðwZ1Þ�1

ð18bÞ
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Partially wet surface (Rs < Rd < R0)

Q ¼/s½I0ðZ1ÞK1ðZ1Þþ I1ðZ1ÞK0ðZ1Þ��/0½I1ðZ1ÞK0ðZ1RsÞþ I0ðZ1RsÞK1ðZ1Þ�
½I0ðZ1ÞK0ðZ1RsÞ� I0ðZ1RsÞK0ðZ1Þ�ðwZ1Þ�1

ð18cÞ

Fin efficiency is commonly used as a fin performance indicator. The
fin efficiency is defined as the ratio of the actual heat rate through a
fin to the rate of heat that would be transferred ideally if the entire
fin surface were maintained at its base temperature. For both the
fully and partially wet surfaces, the ideal heat transfer rate is calcu-
lated on the basis of fully wet conditions and it can be written in
nondimensionalized form as

Q i ¼ ð1þ BnÞð1þ hpÞBi½ðR2
0 � 1Þ=2þ wfRsð1� sÞ þ R0g� ð19Þ

From definition of the fin efficiency,
g ¼ Q=Q i ð20Þ
2.2. Optimization analysis

The optimization study of any fin can be done either by maxi-
mizing the rate of heat transfer for a given fin volume or by mini-
mizing fin volume for a given heat transfer rate but the result
obtained from both the optimization schemes yield the same va-
lue. However, selection of the objective function and constraint
equations depends upon the requirement of a design. In the pres-
ent study, an optimization model is proposed in a generalized way
with satisfying the above fact. The volume V of an ASF can be ex-
pressed in dimensionless form as

U ¼ V=2pr3
i ¼ w½R2

s � 1þ sðR2
0 � R2

s Þ� ð21Þ

From Eqs. (18) and (21), it can be transparent that the heat transfer
rate and fin volume are of a function of the geometrical parameters
w, s, Rs and R0, and the thermo-physical and psychrometric proper-
ties of air. In the previous all optimization studies, the procedure for
determination of the design parameters such as hp, B and n are trea-
ted as an explicit function. However, in the actual case of dehumid-
ification of air on the fully wet fin surface, these parameters hp, B
and n are functions of psychrometric conditions as well as fin-tip
and fin-base temperatures. For the partially wet fin, they are sole
function of the psychrometric condition of air and fin-base temper-
ature. Nevertheless, for the fully wet fin, tip temperature is also
dependent upon the above geometrical parameters and Bi. There-
fore, unlike the partially wet fin, the aforementioned parameters
for the fully wet surface are implicitly connected with the optimiza-
tion process. In this section, it is noteworthy to mention once again
that for the optimization of wet fins, previous researchers have not
mentioned a dependency function of the parameters hp, B and n on
the geometrical variables. Recently, Sharqawy and Zubair [14] have
considered the tip temperature equal to the dew point temperature
for estimating psychrometric parameters for the fully wet fin. How-
ever, this consideration may not be always satisfied in actual appli-
cations. Therefore, optimization analysis presented by Sharqawy
and Zubair [14] may not be a better approximation method. In
the present study, a methodology has been proposed for the optimi-
zation with considering the above actual fact. In the case of partially
wet surface fins, heat transfer rate depends not only on these four
geometrical variables but also on the Rd and this dimensionless ra-
dius Rd is also function of other variables. Therefore in partially wet
condition, the number of dependence variables in the optimization
process is the same as the fully wet fin. Thus the optimization of an
ASF constitutes a four variable one constraint problem treating
either the fin volume or heat transfer rate as a constraint condition.
From the manufacturing point of view, the geometrical parameters
Rs and s can be considered as a constraint. Thus the present optimi-
zation analysis has been done with varying two variables and a gi-
ven thermo-psychrometric parameters. Following the methodology
of Stoecker [32], the condition of optimality can be derived using
the Lagrange multiplier technique. Elimination of the multiplier
from the Euler equations gives the following optimality expression:

ð@Q=@R0Þð@U=@wÞ � ð@Q=@wÞð@U=@R0Þ ¼ 0 ð22Þ

In order to expand Eq. (22), the mathematical expressions of Q and
U are required which are as a function of w and R0. It may be noted
that there are three equations used for the expression of Q. For the
analysis of the fin optimization, it is thus required a unified expres-
sion of Q instead of three and it can be written as

Q ¼ wZ1D1=D2 ð23Þ

where

D1 ¼
m 0 /0

I0ðZ1nÞ I1ðZ1Þ I0ðZ1Þ
K0ðZ1nÞ �K1ðZ1Þ K0ðZ1Þ

�������
������� ð24Þ

D2 ¼
I0ðZ1Þ I0ðZ1nÞ
K0ðZ1Þ K0ðZ1nÞ

����
���� ð25Þ

and

ðm;nÞ ¼
ð/s;RsÞ for fully wet and partailly wet ðRs 6 Rd 6 R0Þ
ð/d;RdÞ for partailly wet ð1 6 Rd 6 RsÞ

�
ð26Þ

Eq. (22) is now expanded by using Eqs. (21) and (23) as

f ðR0;wÞ ¼ ðD2@D1=@R0 � D1@D2=@R0Þ½R2
s � 1þ sðR2

0 � R2
s Þ�

� sR0½2D1D2 þ 2wðD2@D1=@w� D1@D2=@wÞ� ¼ 0 ð27Þ

In order to determine the optimum parameters, Eq. (27) can be
solved along with the constraint either heat transfer rate (Eq.
(23)) or fin volume (Eq. (21)) depending upon the requirement of
a design. Thus the constraint equation can be formed by combining
Eqs. (21) and (23) as follows:

gðR0;wÞ ¼ 0 ¼
wZ1D1=D2 � Q

w½R2
s � 1þ sðR2

0 � R2
s Þ� � U

�
ð28Þ

A numerical scheme, namely Newton–Raphson iterative method
[28], is adopted for solving Eqs. (27) and (28). For finding the multi-
ple roots by Newton–Raphson method, it is worthy to mention that
the initial guess values for the roots have been taken cautiously so
that the convergence criteria for each iteration has been satisfied
[28]. For the present problem, a brief outline of the generalized
Newton–Raphson method and the convergence criteria for each
step of iterations are described in the following paragraph.The opti-
mum values of design variables such as R0 and w can be approxi-
mated from the Newton–Raphson formula by using justly
previous iterative or initial guess values of these variables.

R0jþ1

wjþ1

" #
¼

R0j

wj

" #
� ½JðR0j;wjÞ�

�1 f ðR0j;wjÞ
gðR0j;wjÞ

" #
ð29Þ

where J denotes the Jacobian matrix which can be expressed as

½JðR0j;wjÞ� ¼
ð@f=@R0Þj ð@f=@wÞj
ð@g=@R0Þj ð@g=@wÞj

" #
ð30Þ

The subscript ‘‘j” denotes the value of jth iteration. The convergence
criteria given below at each step of iteration must be satisfied.

MaxfD1;D2g < 1 ð31Þ

where the expressions for D1 and D2 are given by
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D1

D2

� �
¼
j@C1=@R0jj þ j@C2=@R0jj
j@C1=@wjj þ j@C2=@wjj

" #
ð32Þ

C1

C2

� �
¼

R0 � DetX1=DetJ

w� DetX2=DetJ

� �
ð33Þ

½X1� ¼
f @f=@w

g @g=@w

� �
ð34Þ

and

½X2� ¼
@f=@R0 f

@g=@R0 g

� �
ð35Þ

The above procedures are repeated till the geometrical roots R0 and
w are obtained to a desired accuracy (10�6 in the present study).

3. Results and discussion

Based on the above analysis, results have been generated for a
wide range of thermo-psychrometric parameters. Due to presence
of concentration gradient of moisture-vapor between the ambient
and fin surface, condensation of moisture on the fin surface takes
place. During condensation, latent heat is released. The partial
pressure of water vapor in the air depends on the relative humidity
of air and the saturation vapor pressure corresponding to the ambi-
ent temperature. The water vapor is condensed at a constant par-
tial pressure. The condensation process also follows a constant
temperature which is equal to the dew point temperature. During
the condensation, an equilibrium condensate temperature is at-
tained which may be equal to the fin surface temperature because
of the formation of negligible condensate thickness. As the fin sur-
face temperature gradually decreases from the fin-tip to fin-base,
thus the condensate temperature in the radial direction on the
fin surface changes. The humid air adjacent to the condensate be-
comes saturated with the corresponding condensate temperature.
Therefore, temperature of the saturated air adjoining to the fin sur-
face varies along the fin length. The humidity ratio of air on the fin
surface can be calculated by using saturation temperature and thus
it becomes a sole function of their temperatures.

In order to make a comparison between the present and pub-
lished works, Fig. 3 is depicted. For the analysis of annular disc fins,
the present analysis of ASF is equally suitable for the consideration
of the geometrical parameter s = 1. From the previous study [14],
temperature distribution on the fin surface is obtained with con-
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Fig. 3. Variation of dimensionless temperature with the radial distance for an
annular disc fin under both the dry and wet surface conditions.
sidering the tip temperature equal to the dew point temperature
for calculating psychrometric properties of air. However, it is inter-
esting to mention that for determination of temperature profile,
insulated tip condition is also taken. Thus two conditions at the
tip and one at the base were used for their calculations. In actual
case, tip temperature may not be equal to the dew point tempera-
ture of the surrounding air and thus in the present study, an itera-
tion scheme is established to determine the actual temperature
distribution in the fin. The result obtained from the method fol-
lowed by Wu and Bong [8] for an annular disc fin is plotted in
the same figure. In the Wu and Bong [8] paper, there was no
instruction given for calculating the tip temperature and latent
heat of condensation. Moreover, both the results obtained from
the present study and Wu and Bong methodology [8] are matched
exactly whereas Sharqawy and Zubair [14] predicted a difference
in results and the magnitude of difference gradually increases with
the increase in both relative humidity and length. From the figure,
it can also be mentioned that for the range of psycho-geometric
parameters taken, a fully wet condition is maintained on the fin
surface. For comparison between dry and wet surface, temperature
for the dry surface is also illustrated. From the temperature distri-
bution for wet surface fins, it can be highlighted that with the con-
sideration of dew point temperature at the tip, fin surface
temperature is always an over predict in comparison to the actual
surface temperature.

For the validation of the present model, a numerical scheme fol-
lowed by finite difference method is used. Difference equations are
derived by discretization of governing equations of the present pa-
per using the Taylor series central difference scheme for second or-
der of accuracy. These difference equations are simultaneously
solved at the pivotal points by Gauss Seidel iterative method with
satisfying their appropriate boundary conditions and convergence
criterion (10�6). In order to make grid independency on the com-
putational solution for the domain, it is done with the consider-
ation of 75, 100 and 125 grid points. Taking results with the
adaptation of aforementioned grid points, it may be pointed that
a slight variation of results (<0.1%) has been obtained when results
are taken for the selection of 100 grid points instead of 75. On the
other hand, no significant variation has been noticed between the
results obtained for 100 and 125 grid points. Thus the present
numerical result has been determined with the selection of 100 no-
dal points. Fig. 4 depicts a comparison of temperature distribution
in an ASF predicted by present analytical and numerical methods.
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Fig. 4. Validation of the present results with the numerical values.
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For comparison of Sharqawy and Zubair analyses (i.e. calculation of
psychrometric properties of air at the tip based on the dew point
temperature), the analytical [14] and the corresponding numerical
values [15] are exhibited in the same figure, and it is shown that
both analytical and numerical predictions are matched convinc-
ingly with a high accuracy.

Now temperature distribution for ASFs for the dry and wet sur-
face conditions is depicted in Fig. 5 for the geometrical parameters
s = 0.5 and Rs = 1.5, and in comparison, results obtained from exist-
ing methods of analysis are also plotted in the same figure. Again
an erroneous temperature prediction is noticed while considering
tip temperature as a dew point temperature. Temperature distri-
bution for the ASF always differs from that for the annular disc
fin which can be clearly understandable by comparing Figs. 3 and
5. Like previous study with the increase in relative humidity, abso-
lute fin temperature increases due to increase in rate of condensa-
tion as a result of more evolving latent heat of condensation. Once
again, results obtained from the present and Wu and Bong meth-
odology [8] gives the same value. Tip temperature for ASFs under
fully wet surface conditions is always higher than that for the
annular disc fin due to increase in conductive resistance near the
tip of ASFs. Again from the temperature distribution of a step fin,
it can be demonstrated that the variation of temperature along
the radial direction changes at different rate in the respective base
and tip thickness sections as shown in Fig. 5.

A surface becoming fully wet, partially wet or dry is mainly
dependent upon the relative humidity and thermo-geometric
parameters. For the analysis of partially wet surface fin, it is always
necessary to calculate the radial distance Rd at which dry and wet
surface separates. The variation of Rd as a function of relative
humidity for ASFs is depicted in Fig. 6 for different s values. The
range of relative humidity for maintaining a partially wet surface
is shown a minimum value for annular disc fins and is compara-
tively larger for ASFs, however, it is also function of the geometrical
parameter s. From Fig. 6, it can be mentioned that due to small
range of relative humidity noticed, a partially wet surface may
not be found in actual design conditions and thus there is a high
possibility to satisfy a fully wet surface condition. Therefore, an ex-
tra attention may be given in the design of wet fin with consider-
ation of the fully wet conditions. The same result is also found for
the method followed by Wu and Bong [8].

After getting the temperature distribution, fin efficiency for
annular disc fins under wet conditions is determined from the pres-
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Fig. 5. Variation of dimensionless temperature distribution with the radial distance
for an AFST under both the dry and wet surface conditions.

Z0

Fig. 7. Fin efficiency of annular disc fins as function of Z0 under both dry and wet
conditions estimated by present and published models.
ent analysis of ASFs with the consideration of equal thickness ratio
which is depicted in Fig. 7 as a function of the fin parameter Z0 and
different relative humidities. Dry surface efficiency is also esti-
mated from the present analysis by putting zero value of latent heat
of condensation. For the comparative study, efficiency predicted by
previous authors [14] is also furnished in this figure. Again present
results coincide with the previous result [8] whereas a difference in
efficiency is noticed when it is compared between present and
Sharqawy and Zubair [14] results. This difference in results for fully
wet fins increases with the relative humidity and maximum differ-
ence is found for the 100% relative humidity. The temperature dis-
tribution determined by Sharqawy and Zubair [14] is always higher
than the actual value as a result the prediction of fin efficiency by
using Sharqawy and Zubair analysis [14] gives lower value as
shown in Fig. 7. Thus from the illustration, it is undoubtedly men-
tioned that the efficiency determined by the previous study [14]
is always an under predict until a case when the actual tip temper-
ature is equal to the dew point temperature. The variation of fin effi-
ciency for wet step fins with fin parameter Z0 is shown in Fig. 8. Like
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annular disc fin, a same nature in curve is found for an ASF. How-
ever, the value of fin efficiency for the ASF is always smaller while
it is compared with that for the annular disc fin.

Next in order to establish the merit of the present work, an exer-
cise has been devoted for the comparison of fin efficiency calculated
by the present and previous analyses for the whole range of relative
humidity. Fig. 9 is drawn for the aforementioned purpose. From the
figure, it is clear that there is no deviation of result predicted by dif-
ferent methods of analysis up to a relative humidity to initiate the
fully wet surface. With the further increase in relative humidity,
prediction of efficiency by different analyses shows different values
as shown in Fig. 9. Once again, Wu and Bong results [8] coincide
with the present result for the whole range of relative humidity
whereas the prediction of results differs when a comparison is
made with the results of Sharqawy and Zubair model [14] in the
fully wet zone and also it can be demonstrated that this departure
of fin efficiency increases gradually with the increasing relative
humidity. Thus for the analysis of fully wet fins with higher values
of relative humidity, the fin efficiency estimated with considering
dew point temperature at the tip gives an erroneous result.

The geometrical parameters s and Rs of step fins create a differ-
ence from a constant thickness fin. The effect of these geometrical
parameters on the fin efficiency under different surface conditions
is depicted in Fig. 10. With the variation of s on the fin efficiency
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Fig. 9. Fin efficiency of ASFs as function of relative humidity under both dry and
wet conditions estimated by present and published models.
for an ASF, Fig. 9a is plotted by taking Rs = 1.5. From this figure, it
is clearly understandable that the fin efficiency is a strong function
on the geometric parameter s irrespective of the surface condition.
With the increase in geometric parameter s, fin efficiency increases
continuously and a maximum efficiency is shown for s = 1 under
any designed condition. In this point of view, it can be mentioned
that for s = 1, ASF converts into an annular disc fin and thus the
efficiency for annular disc fin is always higher than that for the
ASF. Form the Fig. 10a, it can also be highlighted that for the par-
tially wet surface, the length of the wet part increases with the in-
crease in s for constant relative humidity. Therefore, it can be
demonstrated that whether a surface becomes fully or partially
wet, the geometrical parameter s is also important. Fig. 10b depicts
the variation of fin efficiency with the dimensionless distance Rs at
which step change in thickness occurs. Again, the effect of Rs on the
fin efficiency is executed as a similar in nature with that of the var-
iation of s. With the increase in Rs or s, the tip temperature de-
creases and as a result temperature variation between fin-tip and
fin-base decreases which affects to increase the fin efficiency.
The effect of relative humidity on the fin efficiency can be shown
in Fig. 10 and it is shown a marginal variation.

Based on the present optimization study, results have been ta-
ken for a given Bi. The present optimization study is equally suit-
able for the annular disc fin for only adaptation of the geometrical
parameter s = 1. With considering this, a result of heat transfer
rate of an annular disc fin is furnished with the variation of R0

for a constant U and Bi under different wet surface conditions
as shown in Fig. 11. For a comparison, this result for an annular
disc fin obtained from the Sharqawy and Zubair analysis [14]
are also drawn in the same figure and a difference in results
has been noticed. The analysis was presented by Sharqawy and
Zubair [14] with considering dew point temperature as a tip tem-
perate for the fully wet fin for calculating only pshchrometric
properties and for this reason the parameters hp, B and n are
explicitly connected with the psychrometric properties of air.
However, for the determination of temperature profile in the
present study with satisfying a convective tip condition only,
the actual tip temperature is not equal to the dew point temper-
ature. In this case, an iteration scheme has been implemented to
determine tip temperature in order to calculate hp, B and n. Again
the tip temperature is a function of the geometrical parameters
and thus these psychrometric variables are also function of these
parameters. Using this concept, present optimization scheme is
established. For a constant relative humidity curve, a well defined
maximum heat transfer rate is noticed. From the heat transfer
rate point of view, the published result [14] is always an under
predict. However, difference in results is also dependent upon
the value of R0 and relative humidity. The maximum difference
is found at the optimum condition for 100% relative humidity
as shown in Fig. 11. For a constant relative humidity, variation
of R0 may affect the surface conditions of a fin. For the relative
humidity 75% and 50%, a partially wet surface is obtained for
the outer radius which is larger than the positions A and B,
respectively. From the optimum curves CEG for the present anal-
ysis and CDF for the published analysis, CE and CD represent the
partially condition and, EG and DF represent the fully wet surface.
Thus it can be demonstrated that for a wide range of thermo-psy-
chrometric parameters, a fully wet surface condition is found at
the optimum point. Therefore, it is to mention that the attention
can be given more for the optimum design of fully wet fins in-
stead of partially one. From the optimization study, it is worthy
to mention that the optimum outer radius R0 for a wet fin de-
creases with the increase in relative humidity for a constant fin
volume. However, this decreased rate is more pronounced for
the partially wet surface condition. A similar exercise has also
been made for an ASF (Fig. 11b) with s = 0.5 and Rs = 1.5 chosen
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arbitrarily. For the step fin, optimization study has also been done
with a method followed by the analysis of published work [14]
and in comparison; this result is also plotted in the same figure.
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Fig. 11. Heat transfer rate as a function of radius ratio R0 for different relative
humidities: (a) annular disc fin and (b) ASF.
The same order of difference in results has been executed as al-
ready displayed in the case of annular disc fin.

Next the effect of ambient temperature on the maximum heat
transfer rate for both the annular disc and ASF has been studied.
For this, an optimization scheme is developed with the variation
of ambient temperature and results are generated by using the
present and published analyses. With the variation of ambient
temperature, the maximum heat transfer rate from the present
and published works for both the annular disc fin and ASF are plot-
ted, separately as shown in Fig. 12. An increase in ambient temper-
ature for a fixed base temperature affects to increase the maximum
heat transfer rate for both the fins but the difference in results with
the ambient temperature from the present and published analyses
[14] is an incremental function. Therefore, the error in results with
considering the tip temperature as a dew point temperature can be
minimized for a lower value of ambient temperature. With the in-
crease in ambient temperature, a partially wet surface is converted
into the fully wet surface. For a comparative study of maximum
heat transfer rate through the annular disc fin and that of the step
fin, Fig. 12c is plotted under a design condition. A higher heat
transfer rate is obtained through step fins instead of annular disc
fins. However, difference in results is almost a constant with the
variation of ambient temperature for a constant relative humidity.
Moreover, this difference increases with the increasing relative
humidity.

The atmospheric pressure depends on the position of the place
with respect to the height from the mean see level. For example, a
position of a hilly area is always higher than the mean sea level be-
cause of that atmospheric pressure at the hilly area is lower in
comparison with the standard value. On the other hand, fin-base
temperature depends on the application in which fin is used. So
the knowledge of the variation of these two parameters on the
fin heat transfer characteristics is also essential to a designer. The
effect of atmospheric pressure and base temperature on the max-
imum transfer of heat rate of an ASF for Bi = 0.05, s = 0.5, Rs = 1.5,
Ta = 30 �C and U = 0.1 are investigated by the present and previous
methods which is depicted in Fig. 13. From the figure, it is clear
that for the range of psychrometric parameters taken, fin surface
of ASFs satisfies a fully wet condition and an increase in atmo-
spheric pressure decreases the heat transfer rate. With the increase
in atmospheric pressure, rate of condensation on the fin surface de-
creases as a result declines the heat transfer rate. Nevertheless, this
effect is varied at a slower rate. The variation of fin-base tempera-
ture on the optimum transfer of heat rate is shown in Fig. 13b. In
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the case of the relative humidity of 100%, maximum transfer of
heat increases with the increase in base temperature. A reverse ef-
fect is noticed for the relative humidity of 70% and 50% with the
base temperature. Actually with the increase in fin-base tempera-
ture, both the sensible and latent heat rate decreases. The variable
Q is a normalized heat transfer rate which is also function of the
fin-base temperature Tb for a constant ambient temperature. Thus
although the dimensional rate of heat decreases with the fin-base
temperature, the dimensionless heat rate may increase for a con-
stant relative humidity.

4. Conclusions

Dehumidification of air on the fin surface takes place when the
fin surface temperature is below the dew point temperature. For
the analysis of heat and mass transfer mechanisms, the variation
of the specific humidity of air with the corresponding temperature
follows with a psychrometric relationship and in the case of refrig-
eration and air conditioning applications, this relation can be taken
as a linear one for the small range of temperature existed between
fin-base and fin-tip. In the present study, the specific humidity of
air on the fin surface varies owing to the variation of fin tempera-
ture and it is determined by using the fin-base and fin-tip temper-
atures with a linear relationship. No previous works have so far
been clearly indicated for the determination of fin surface temper-
ature for the fully wet fins with considering the actual tip condi-
tion. The actual tip temperature has been found by solving the
energy equation with appropriate boundary conditions. For the
solution, it is needed the psychrometric properties of air which is
also dependent upon the tip temperature. In lieu of that, Sharqawy
and Zubair [14] have chosen tip temperature as a dew point tem-
perature for calculating the psychrometric parameters. In actual
case psychrometric parameters depend also on the actual tip tem-
perature which may not be equal to the dew point temperature. In
the present work for the fully wet fin, a guess tip temperature is
assumed initially for determining psychrometric properties of air
and then they are substituted in the expression of temperature
in order to calculate the actual tip temperature. The process is re-
peated until the difference between present and just previous tip
temperatures is a very small value. Finally, the actual tip tempera-
ture and temperature distribution are obtained.

Due to the gradual decrease in heat conduction rate from the
fin-base to fin-tip, effective utilization of fin material may not be
possible for annular disc fins. For this reason, different tapered fins
had already been investigated by many researchers. However,
among of these a very few one is compatible in manufacturing pro-
cess. Because of that annular disc fin is extensively found in various
applications. Lot of investigations is still engaged to modify the
geometry of the annular disc fin on the basis of enhancement of
heat transfer rate as well as ease of fabrication. Based on these cri-
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teria, ASF is one of the suitable geometry. The present work is con-
centrated on the performance and optimization analysis of ASFs
under wet surface conditions. From the above discussions, the fol-
lowing conclusions can be drawn:

1. Dehumidification of air depends not only on the psychro-
metric condition of air on the fin surface but also on the sur-
face temperature of the fin.

2. Fin surface temperature for wet fins is an implicit function
with the thermo-physical, psychrometric and geometric
parameters.

3. For a practical range of design parameters, there is a very
high chance to obtain a fully wet surface instead of a par-
tially wet fin.

4. With the relative humidity for the fully wet fin, the error of
results associated with considering the tip temperature as a
dew point temperature for calculating the psychrometric
parameters is an increasing function.

5. The overall efficiency of ASFs under wet conditions increases
with the increase in both the geometrical parameters s and Rs.

6. The optimality criteria for annular fins are established in a
generalized way such that either the rate of heat transfer
or the fin volume can be taken as a constant. According to
the requirement of a design, any modification can be done
easily to determine the optimum condition.
7. The optimum geometrical parameters determined by using
the present study are also an implicit function with the psy-
chrometric parameters. However, in the previous studies,
these were treated explicitly.

8. With considering dew point temperature as a tip tempera-
ture for calculating psychrometric parameters, heat transfer
rate is always lower than that of the actual tip temperature
under the condition of fully wet surface. However, a maxi-
mum difference is noticed at the optimum point for the
100% relative humidity.

9. Increase in ambient temperature increases the optimum
heat transfer rate for the fully as well as partially wet fins.

10. Increasing both the ambient pressure and fin-base tempera-
ture decrease the rate of heat transfer for any wet fin.

11. The optimum ASF transfers more rate of heat in comparison
with that of the annular disc fin for the same thermo-phys-
ical and psychrometric parameters.

12. The present analysis is equally suitable for the dry surface
condition also with the consideration of zero value of the
latent heat of condensation.

13. The present analysis of ASF is equally suitable for the analy-
sis of annular disc fins only consideration of the geometrical
parameter s = 1.
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